One of the key challenges for the implementation of scalable quantum information processing is the design of scalable architectures that support coherent interaction and entanglement generation between distant quantum systems. We propose a nanotube double quantum dot spin transducer that allows to achieve steady-state entanglement between nitrogen-vacancy center spins in diamond with spatial separations over micrometers. The distant spin entanglement further enables us to design a scalable architecture for solid-state quantum information processing based on a hybrid platform consisting of nitrogen-vacancy centers and carbon-nanotube double quantum dots. PACS numbers: 76.30.Mi,73.63.Kv,03.67.Bg Introduction.-Quantum computing with potential revolutionary applications [1, 2] has raised increasing interest over the past decades and intensive efforts are devoted to the implementation of quantum information processing. A large variety of physical systems provide promising candidates to construct the basic building blocks for quantum-information processing devices, e.g., photons [3][4][5][6], atoms [7][8][9], trapped ions [10][11][12][13], superconducting circuits [14][15][16], quantum dots [17][18][19], and spins in solids [20][21][22][23][24]. Despite their individual advantages, each of these physical systems is accompanied by its own drawbacks. These shortcomings call for the development of hybrid quantum systems [25] [26] [27] [28] [29] that combine the advantages of its constituents in order to overcome the difficulties toward the implementation of powerful quantum information processing devices. One well recognised severe challenge in terms of scalability is the implementation of coherent coupling between spatially separated quantum systems.
One of the key challenges for the implementation of scalable quantum information processing is the design of scalable architectures that support coherent interaction and entanglement generation between distant quantum systems. We propose a nanotube double quantum dot spin transducer that allows to achieve steady-state entanglement between nitrogen-vacancy center spins in diamond with spatial separations over micrometers. The distant spin entanglement further enables us to design a scalable architecture for solid-state quantum information processing based on a hybrid platform consisting of nitrogen-vacancy centers and carbon-nanotube double quantum dots. Introduction.-Quantum computing with potential revolutionary applications [1, 2] has raised increasing interest over the past decades and intensive efforts are devoted to the implementation of quantum information processing. A large variety of physical systems provide promising candidates to construct the basic building blocks for quantum-information processing devices, e.g., photons [3] [4] [5] [6] , atoms [7] [8] [9] , trapped ions [10] [11] [12] [13] , superconducting circuits [14] [15] [16] , quantum dots [17] [18] [19] , and spins in solids [20] [21] [22] [23] [24] . Despite their individual advantages, each of these physical systems is accompanied by its own drawbacks. These shortcomings call for the development of hybrid quantum systems [25] [26] [27] [28] [29] that combine the advantages of its constituents in order to overcome the difficulties toward the implementation of powerful quantum information processing devices. One well recognised severe challenge in terms of scalability is the implementation of coherent coupling between spatially separated quantum systems.
Nitrogen-vacancy (NV) centers in diamond consist of both an electron spin and an intrinsic nuclear spin, where the electron spins can serve as a register to process quantum information, due to their excellent coherent controllability [30] , and the nuclear spins can serve as a memory to store quantum information, due to their superb coherence time [31] . Unfortunately, the prospect of using NV centers for scalable quantum computing is hindered by the fact that the direct coupling between NV centers decays rapidly with their distance [32] . In order to overcome this obstacle, several schemes have been proposed using microwave and optical cavities [33] [34] [35] [36] [37] [38] , mechanical oscillators [39] [40] [41] [42] [43] [44] [45] [46] , spin-photon interface [47] to mediate the coupling between distant NV centers. However, the goal of long-range coupling between solid-state spins in a deterministic and scalable manner remains challenging to achieve due to e.g. the influence of cavity losses and the thermalization of mechanical oscillators.
In this work, we propose an efficient strategy for steadystate entanglement generation between NV-center electron spins at micrometer distances, which is mediated by the leakage current of a carbon-nanotube double quantum dot (DQD) [48] [49] [50] [51] [52] [53] [54] [55] . Each quantum dot locally interacts with a single NV center in the proposed hybrid platform. Due to the Pauli exclusion principle, we find that the NV-center electron spins will be driven into a maximally entangled state along with the electrons being blocked in the DQD. The scheme requires only voltage control of the nanotubes and microwave driving of the NV-center electron spins, which is feasible within current state-of-the-art experimental capabilities. In addition, the steady-state entanglement of the electron spins can be exploited to realize an entangling gate between the nuclear spins associated with the NV centers via the hyperfine coupling. Therefore, the hybrid platform allows to generate nuclear-spin cluster states [56] for universal measurementbased quantum computation [57] with excellent scalability, and provides a new route toward solid-state quantum information processing.
Model.-The hybrid system we propose consists of diamond pillars and carbon nanotubes. Single NV centers are embedded in the diamond pillars, containing both an electron and a nuclear spin. Each carbon nanotube bridges on the source and drain contacts, and electrons can be confined by the gate voltage to form a DQD. We start by considering a single building block as shown in Fig.1(a) , i.e., a hybrid system consisting of two distant NV-center electron spins, each of which locally couples to a quantum dot. Without loss of generality, we assume that the nitrogen nuclear spin associated with each NV center is initialized into a polarized state [58] .
In the jth NV-center electron spin ( j = L, R), one can encode a qubit in the spin sublevels |0 j ≡ |m s = +1 j and |1 j ≡ |m s = −1 j of the ground-state manifold, which can be coherently driven by adiabatic-passage technology using microwave or optical control [59, 60] . This induces two dressed qubits robust against decoherence as described by the Hamiltonian [61] 
are the Pauli vectors and Ω j are the effective Rabi frequencies. For later use, we define the four Bell states of the two NV-center electron-spin system as
Schematic of the hybrid building block: diamond pillars (transparent gray) containing single NV centers placed above carbon nanotubes bridging on the source and drain contacts. The DQD (purple) confined in the nanotube is used to mediate the generation of steady-state entanglement between the electron spins (blue) of two driven NV centers. (b) Transition diagram of the DQD and NV-center electron spins hybrid system in the Hilbert space spanned by |T + , |T 0 , |T − , |S , S g (DQD) and Φ + , Φ − , Ψ + , Ψ − (NV centers). Arrows represent the main transition channels induced by the external magnetic field (green), the microwave driving field (red), the magnetic dipolar coupling (blue), and the tunnelling of the DQD (purple). The state |T 0 ⊗ Φ − represents the only decoupled state from tunnelling.
On the other hand, in the jth quantum dot ( j = L, R), one can encode a valley-spin qubit in one of the Kramers doublets [62] formed by the states |⇑ j and |⇓ j [61] . Under a magnetic field B, their respective Hamiltonians read [61, 63, 64] 
are the Pauli vectors and µ B is the Bohr magneton. The effective magnetic fields acting on the valley-spin qubits are given by B ( j) eff = g j · B, with the anisotropic g tensors
where g and g ⊥ are the local principal values and α j is the angle between the principal axis of g and the x-axis.
Due to the Coulomb blockade [18, 65] , under a large bias voltage, the electrons in the carbon nanotube transport from the source to the drain through the DQD via the cycle (0, 1)
, where (n L , n R ) represents the numbers of confined electrons in the left and right quantum dots.
However, when the two electrons in the (1, 1) configuration occupy one of the triplet states |T 0 or |T ± [18] , given
2) transition is forbidden due to the Pauli exclusion principle. In such a Pauli-blockade regime [63] , the spin-conserving tunneling between the two quantum dots can be described bŷ
with the tunneling rate J between the singlet states |S = (|⇓ L |⇑ R − |⇑ L |⇓ R ) / √ 2 in the (1, 1) configuration and the corresponding singlet state S g in the (0, 2) configuration. In the case α R = −α L = α and B = (0, 0, B z ), on which we will focus, |T ± couple with the singlet state |S , while |T 0 remains blocked [63, 64] . Assisted by such a T 0 -blockade mechanism, as well as the dipole-dipole coupling between the NV centers and the quantum dots, a maximally entangled steady state of the NV-center electron spins can be achieved.
Steady-state entanglement.-To illustrate the essential idea of our proposal, we first concentrate on the (1, 1) configuration. The total Hamiltonian in this subspace includes the part Eq. (1) for the NV-center electron spins and Eq. (2) for the valley-spin qubits, as well as their magnetic dipole-dipole interaction, which can be written aŝ
where we introduce the two vectorsñ L = (−η, 0, ξ ) and n R = (η, 0, ξ ), with ξ = g sin 2 α + g ⊥ cos 2 α and η = g − g ⊥ sin α cos α. Furthermore, we defined ε = µ B B z /2 and the dipole-dipole coupling strength κ j = µ 0 µ 2 B g s /(4πr 3 j ), where g s is the electron g factor and r j represents the distance between the jth NV center and the jth quantum dot. We assume r L = r R (which leads to the condition κ L = κ R = κ), the feasibility of which is supported by the advanced technology of diamond scanning probes [66] [67] [68] [69] [70] and by pulsed Hamiltonian engineering [61, 71] . In this case, with the further condition Ω L = Ω R = Ω, it can be seen that under Hamiltonian Eq. (5) only the state |T 0 ⊗ |Φ − is uncoupled from the other basis states, see Fig. 1 
(b).
The underlying mechanism can be understood under the following considerations. The external magnetic field, couples the states |T ± ⊗ |φ to the states |S ⊗ |φ at rate ε, with |φ ∈ {|Φ ± , |Ψ ± }. Thus the states |T 0 ⊗ |φ are uncoupled with the other basis states in the absence of the NV centers. However, in their presence, the dipole-dipole coupling, gives rise to transitions between the states |T 0 ⊗ |Ψ ∓ and |T ± ⊗ |Ψ ± at rate κ. In addition, the coherent driving of the NV-center electron spins, couples all states involving |Φ + and |Ψ + at rate Ω. This shows that |T 0 ⊗ |Φ − is the unique decoupled state in this setting and is eventually reached by the system's dynamical evolution from any initial condition, as we will show in the following more detailed analysis.
The time evolution of the density operatorρ, combining the DQD in the (0, 1), (1, 1), and (0, 2) subspaces 
, and r L = r R = 6 nm.
and the NV-center electron spins, can be described by the quantum-transport master equation [72, 73] , witĥ
and the superoperator
. (8) Here, ∆ is the energy difference between the two singlet states |S and S g . Furthermore,â † 1ψ is the creation operator representing the injection of an unpolarized electron from the (0, 1) to the (1, 1) configuration with rate Γ in andâ 2ψ is the annihilation operator representing the ejection of an unpolarized electron from the (0, 2) to the (0, 1) subspace with rate Γ out , where {|ψ } can be any complete and orthogonal set of states of the valley-spin qubits. In order to investigate the time evolution of the hybrid system under this dynamics in more detail, we assume that the whole system is initially in a completely mixed state. The dynamical behavior of the DQD degree of freedom can be characterized by the leakage current I = eΓ out ∑ ψ Tr â † 2ψâ 2ψρ [72, 73] , with the elementary charge e, and the populations of its states. The NV-center electron spins, on the other hand, can be characterized by the concurrence C (i.e., a renowned measure of two-qubit entanglement [74] ) and the populations of the four Bell states. Figure 2(a) and (b) show these quantities for the DQD and the NV-center electron spins, respectively. Due to the external magnetic field, the fast transition from |T ± ⊗ |φ to |S ⊗ |φ at rate √ 2εη/h leads to a rapid increase in the leakage current. The speed of entanglement generation is mainly determined by the transition rate (γ κ = √ 2κη/h) from |T 0 ⊗ |Ψ ∓ to |T ± ⊗ |Ψ ± arising from the magnetic dipole-dipole coupling between NV-center electron spins and DQD. Our numerical simulations suggest that the entanglement generation is most efficient by choosing Ω γ κ [61] . During the tunneling process, the population of the state |T 0 ⊗ |Φ − becomes dominant due to the fact that this state is the only state decoupled from the tunneling dynamics, i.e., it is a dark state with respect to the leakage current. Eventually, the leakage current decreases to zero and the two NV-center electron spins are prepared into the maximally entangled state |Φ − .
Robustness under noise.-We proceed to investigate the influence of noise in the hybrid system on the generation of steady-state entanglement. The natural abundance of 13 C (carrying a nuclear spin-1/2) in diamond leads to the fact that the energy levels of the NV-center electron spin are affected by the surrounding 13 C nuclear spins. The effect of such a nuclearspin bath can be modelled by a random magnetic field acting on the electron spins, which fulfils a zero-mean Gaussian distribution exp(−δ 2 j /2ν)/ √ 2πν. Results obtained for different noise variances ν are shown in Fig. 3(a) . It can be seen that the magnetic field fluctuations degrade the steadystate entanglement of the NV-center electron spins, however, a highly entangled steady state can still be achieved. The influence of magnetic field fluctuations can be efficiently reduced using dynamical decoupling and isotopically engineered diamond [75] [76] [77] [78] . In addition, by using the NV-center nuclear spins, it is possible to realize entanglement purification [79] in order to prepare a maximally entangled final state.
For the carbon nanotubes, an isotopically purified fabrication allows for devices with very few nuclear spins [48, 80, 81] . However, as the carbon nanotube DQD is controlled by the applied gate voltage [82] , voltage noise will lead to electric potential fluctuations and thereby energy level shifts of the DQD, i.e., the parameter ∆ in Eq. 7. In the presence of this electric noise, the Coulomb blockade is fragile while the Pauli blockade remains highly robust [64] . In this sense, the effect of electric potential fluctuations is relatively weak in our scheme, since it relies only on the Pauli blockade. To demonstrate this influence in detail, we investigate the role of an energy difference ∆ between the states |S and S g . As shown in Fig. 3(b) , the non-zero energy difference slows down the entanglement generation, as compared to the resonant case ∆ = 0. However, this can be compensated by choosing proper values of the injection and ejection rates as well as the tunneling rate [61] . Here, under optimized conditions, we find that the dynamical behavior of the entanglement is tolerant against energy differences ∆ varying from −1 µeV to 1 µeV, as shown in Fig. 3(c) . We point out that the electric potential fluctuations can be reduced below this level by improved device fabrication [83] .
Scalable multi-qubit entanglement.-Once the maximally entangled state |Φ − of the NV-center electron-spin pairs is prepared via the coupling to the DQD, we can exploit this entanglement to realize a controlled-phase gate between 15 N nuclear spins associated with the NV centers. This is achieved based on the hyperfine coupling described by the Hamiltonian [61] 
with the coupling strength A /2π = 3.03 MHz [84] and the spin-1/2 operatorÎ
z of the jth nuclear spin. The transversal coupling is safely neglected due to the large energy mismatch. We remark that a controlled-phase gate, as an entangling gate, together with single-qubit rotations form a set of universal quantum gates. The controlled-phase gate between 15 N nuclear spins can be realized with the following four steps: (i) A π/4-x rotation on the left electron spin; (ii) Coherent evolution governed by the hyperfine interaction for a time t = π/2A ; (iii) A π/4-x rotation on both electron spins; (iv) Measurement of the NV-center electron spins in the x-basis ({|+ , |− }), resulting in an effective controlled-phase gate between the two nuclear spins as
corresponding to the measurement basis |M = |++ , | + − , | − + , | − − . It can be verified that the above unitary transformation is equivalent to a controlled-phase gate up to local operations [61] . Based on such an implementation of a controlled-phase gate between two nuclear spins, we propose a scalable architecture for quantum information processing including an array of diamond nanopillars (containing NV centers) and carbon nanotube DQDs, see Fig. 4 . As an example, by controlling the positions of the diamond nanopillars, it is possible to implement controlled-phase gates as required to generate two-dimensional (2D) cluster state efficiently [61] in a reasonable number of steps. We remark that local measurements on 2D cluster state are sufficient for universal measurement-based quantum computing [57] .
Conclusion.-In conclusion, we present a hybrid quantum system consisting of NV centers and carbon-nanotube DQDs. We show that, due to the Pauli exclusion principle, the electrons in the carbon nanotubes are blocked in one specific triplet state, while NV-center electron-spin pairs evolve into a highly entangled steady state, even under the influence of magnetic and electric noise. Considering the DQDs as the NV center environment, this scheme can be viewed as an inter-esting case of quantum reservoir engineering. By employing this steady-state entanglement between the NV-center electron spins, we propose a scalable strategy to create cluster states in the nuclear spins, which represent a universal resource for measurement-based quantum computing. The results demonstrate that our scheme provides a promising platform for generating entanglement between spatially separated NV centers in a deterministic way, and offers a new way towards scalable solid-state spin based quantum computing.
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S1. Steady-state entanglement generation
In our scheme for scalable solid-state spin based quantum computing, the basic building block for entanglement generation is a hybrid system consisting of two nitrogen-vacancy (NV) centers and a carbon nanotube double quantum dot (DQD). Within each NV center, the electron spin couples to the quantum dot through magnetic dipole-dipole coupling and interacts with the associated 15 N nuclear spin via hyperfine interaction. In this section, we present details on the theoretical framework for the generation of steady-state entanglement between the NV-center electron spins.
S1-1. Individual subsystems
For the electron spin of the jth NV center ( j = L,R), we consider its spin-1 ground state with a zero-field splitting D/2π = 2.87 GHz, where the degeneracy between the sublevels |m s = ±1 j can be lifted by an external magnetic field B. The system is coherently driven by adiabatic passage with microwave or optical control [1, 2] , which is described by the Hamiltonian
represents the spin-1 operators and the symmetry axis of the jth NV center determines the z-axis. Furthermore, g s denotes the electron g factor, µ B is the Bohr magneton, Ω j is the effective Rabi frequency of the driving field, and ω 0 = 2g s µ B B z /h is the driving frequency.
For an electron of the jth quantum dot ( j = L,R), there are both spin and valley degrees of freedom contributing to the fourfold occupations in the ground shell. In an external magnetic field B, the Hamiltonian reads [3] [4] [5] 
are the Pauli vectors of spin and valley, respectively, ∆ SO is the spinorbit coupling strength [6] , ∆ KK and ϕ are the magnitude and phase of valley mixing [7] , g s and g orb are the spin and orbital g factors, and n j = (cos α j , 0, sin α j ) is a local tangent unit vector of the nanotube with a tilting angle α j . In the case α j = 0 and B = 0, the four eigenstates form two Kramers doublets, which are separated by an energy gap ∆ 2 SO + ∆ 2 KK , as
and
with tan ζ = ∆ KK /∆ SO . Here, ↑ j ( ↓ j ) and |K j (|K j ) are the positive (negative) projections ofσ z andτ 3 respectively. For simplicity, we have set ϕ = 0. Each Kramers doublet can serve as a valley-spin (VS) qubit [8] . In our model, we focus on the lower one described by the Hamiltonian [5, 9, 10]Ĥ
is the Pauli vector. The effective magnetic fields acting on the valley-spin qubits are given by
, with the anisotropic g tensors
whose local principal values are g = g s + 2g orb cos ζ , g ⊥ = g s sin ζ .
S1-4. Unique decoupled state
Inspired by the |T 0 blockade mechanism, we consider the condition −α L = α R = α and write the effective HamiltonianĤ (1,1) (Eq. 5 in the main text) in the basis
In the case of κ L = κ R and Ω L = Ω R , one finds that |T 0 ⊗ |Φ − is the only eigenstate ofĤ (1, 1) which is decoupled from the other basis states (i.e., the matrix elements on the tenth column and row are all 0 in the above Hamiltonian). During the tunnelling process, the state |T 0 ⊗ |Φ − thus becomes the steady state of the total system.
S1-5. Quantum transport master equation
In order to investigate the dynamical behavior of the entanglement generation, we use the quantum transport master equation [13, 14] 18) to describe the evolution of the system density operatorρ, with the superoperator
whereâ † 1ψ is the creation operator representing the injection of an unpolarized electron from the (0, 1) to the (1, 1) configuration with rate Γ in andâ 2ψ is the annihilation operator representing the ejection of an unpolarized electron from the (0, 2) to the (0, 1) subspace with rate Γ out , where {|ψ } can be any complete and orthogonal set of states of the valley-spin qubits. With the knowledge ofρ, one can obtain the leakage current defined as [13, 14] 
(S.20)
The entanglement of two NV-center electron spins can be quantified using the concurrence, which is defined as [15] [16] [17] 
where {λ 1 , λ 2 , λ 3 , λ 4 } are the eigenvalues ofρ ŝ y ⊗ŝ y ρ * ŝ y ⊗ŝ y sorted in a descending order andρ is the reduced density operator of the NV-center electron spins by partially tracingρ over the DQD degrees of freedom. 
S1-6. Optimization of parameters
The Pauli-blockade mechanism together with the magnetic dipole-dipole interaction between the NV-center electron spins and the DQD leads to the fact that the system is driven into a steady state, in which the NV-center electron spins are maximally entangled. As shown in Fig. 1(b) of the main text, the external magnetic field induces transitions between the states |T ± and |S of the DQD at rate √ 2εη/h, and the microwave driving field induces transitions of the NV-center electron spins between the states |Φ + and |Ψ + at a rate Ω. On the other hand, the magnetic dipole-dipole coupling induces transitions of the hybrid system between the states |T 0 ⊗ |Ψ ± and |T ± ⊗ |Ψ ∓ at rate √ 2κη/h. The required time t c to prepare the NV-center electron spins into the maximally entangled state |Φ − depends on these parameters. In Fig. S1 (a) we show that the time t c critically depends on the driving Rabi frequency Ω and the tunneling rate J. The optimized time t c = 45 µs can be achieved by choosing J/2π = 24 MHz and Ω/2π = 0.6 MHz, where Ω √ 2κη/h.
S2. Discussion on experimental imperfections
In this section, we provide detailed discussions about the influence of experimental imperfections on the mechanism of steadystate entanglement generation. These experimental imperfections include magnetic field noise on the NV-center electron spins, electric potential fluctuations of the gate voltage, and the uncertainty in the depth of the NV centers. For the magnetic field noise, one can use isotopically purified diamond and dynamical decoupling techniques to reduce its influence to a large extent. In the following, we will focus on the influence of the electric potential fluctuation and the uncertainty in the positioning of the NV centers.
S2-1. Electric potential fluctuation
As the carbon nanotube DQD is defined by the applied gate voltage [18] , gate voltage noise will lead to electric potential fluctuations, and thereby influence the energy difference ∆ between the singlet states |S and S g . When the energy difference |∆| > 0, the electron tunneling between the two quantum dots will be less efficient than in the resonant case |∆| = 0, resulting in a slower generation of entanglement, as shown in Fig. S2 (a) . However, this will not affect the essential mechanism for steadystate entanglement generation, namely the state |T 0 ⊗ |Φ − is the only Pauli-blockade state. Thus, the maximally entangled steady-state is still achievable with a longer evolution time. Furthermore, the speed of entanglement generation can be improved by tuning the rates of the electron transport, including the injection rate Γ in , the ejection rate Γ out , and the tunneling rate J. As shown in Fig. S2 (b) , the NV-center electron spins can be prepared into the maximally entangled state at the time t = 45 µs (the same time for the ideal case without electric potential fluctuation) by choosing appropriate values of Γ in , Γ out , and J. 
S2-2. Uncertainty in the positioning of NV centers
As the magnetic dipole-dipole coupling between the jth NV-center electron spin and the jth quantum dot with strength κ j depends on the distance r j , two NV centers doped in the diamond with different depths will lead to κ L = κ R . However, non-zero values of κ − would mix the state |T 0 ⊗ |Φ − with other basis states and therefore degrade the entanglement in the steady state. The advanced technology of diamond scanning probes [19] [20] [21] [22] [23] makes it possible to precisely control the positioning of each NV center using individual scanning probes. The problem can be further counteracted by pulsed dynamical decoupling, which has been widely used for decoherence suppression and Hamiltonian engineering. As an example, without loss of generality, we consider the case of r L ≤ r R (i.e. κ L ≥ κ R ). We focus on the part ofĤ (1, 1) which is related to the NV-center electron spins, namelyĤ s = j=L,R (hΩ j /2)ŝ (iv) Measurement of both NV-center electron spins in the x-basis ({|+ , |− }) leads to an effective unitary transformation acting on the nuclear spins, as described by U M = M|U t |Φ − , corresponding to the measurement basis |M = |++ , | + − , | − + , | − − respectively, which can be written as Based on such an implementation of controlled-phase gates between nuclear spins, an array of carbon nanotubes as presented in Fig. 4 (a-b) of the main text allows one to prepare one-dimensional nuclear-spin cluster states. Similarly, two-dimensional nuclear-spin cluster states can be generated using a lattice of carbon nanotubes in six steps, see Fig. S3 for an example of a 4 × 4 cluster state generation.
